A hydrodynamic description of the plasma flow within a SPT-100 type Hall thruster is used to study the erosion of the channel walls over time. The simulation of thousands of hours of erosion is performed on the order of tens of minutes of computation time. The calculated erosion matches satisfactorily against experimental data, especially the erosion at the exit plane. The effects of scattering collisions, ion velocity distributions, sputtering threshold energy, sputter yield curve fits, and potential drop within the thruster on the erosion are examined. While all of the above do affect erosion rates, the semi-empirical sputter yield curve fits, especially at the low ion energies prevalent in Hall thrusters, play the largest role in influencing the simulated erosion of the channel walls. 
I. Introduction
A s lifetime requirements desired for Hall thruster operations increase, there is a greater need to be able to predict and analyze the wear of the thruster over time. The main mechanism of Hall thruster failure is the erosion of the acceleration channel walls to the point where the magnetic coils are exposed to the plasma flow. Experimental testing to determine the rate and extent of wall erosion is expensive and time consuming. Thus, capturing the erosion process through computational simulations is a useful means of predicting lifetime for design and analysis purposes alongside experimentally obtained data.
Interest in Hall thruster erosion, including the development of Hall thruster erosion models, has been increasing recently. [1] [2] [3] However, there are still aspects of the erosion process that remain unsatisfactorily modeled. In our previous work, we developed a hydrodynamic-based erosion model for Hall thrusters. 4, 5 However, that model was unable to capture the low erosion rates registered at later portions of the thruster life after around 1000 hours and instead calculated zero erosion. The work presented in this paper presents the same sheath and plasma model, though with a new numerical scheme, with investigations on various aspects of the plasma flow and sputter model that are thought to perhaps contribute to the erosion process.
It is thought that perhaps a secondary mechanism for erosion may dominate at the later times. 6 Thus, the contribution to erosion from scattering collisions is examined. Also, the sputtering portion of the model is further investigated with the incorporation of ion velocity distributions instead of assuming monoenergetic streams. The extent of the influence of different empirical sputter yield fits on the erosion rates is also observed. Finally, a simple parametric study of the effects of changing the plasma parameters is performed.
The numerical scheme for the hydrodynamic model is different than the one we have used before and is described in the next section. The results of the various test cases are compared to each other and experimental data. Discussion of the results and areas of further work are given later in the paper.
II. Model

A. Plasma model
A hydrodynamic description of the quasi-neutral plasma flow within the thruster is used. The ions are modeled using a finite-volume flux-splitting method on an axisymmetric Cartesian mesh. 7 The isothermal ion equations can be written in conservative form as
The source terms that remain on the right hand side of the above equations result from the effects of ionization and the electric field. 8 The components of the electric field are calculated from the electron momentum equation,
The electrons are assumed to be inertia-less and mainly constrained along the magnetic field lines, which for simplicity vary only in the axial direction. Then, the electron pressure term can be folded into the conservative side of the ion momentum equations, Eqs. (2) and (3), through a new effective sound speed defined by
The ion momentum equations then become
The electron mobility is dependent on the effective electron collision frequency which is a sum of the collision frequencies of electrons with the ions, neutral atoms, and the walls. It also includes anomalous Bohm diffusion in the form of
where α B is the coefficient for the Bohm diffusion, here set to 1/35, and ω e is the electron gyrofrequency.
The system of equations is closed with the electron temperature calculated from an electron energy equation, 3 2
that balances Joule heating with losses due to ionization, wall collisions, and elastic relaxation. More details of these equations are described elsewhere.
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A Roe solver is used to calculate the fluxes across each of the cell interfaces, which in turn are used to update the cell values at each time step. 9 The process is iterated until the simulation converges to a representative state. Since the erosion process occurs on a much longer time scale than the plasma oscillations that are present within the thruster, an averaged representative state can be used for the erosion calculations.
As the walls erode away, a cut cell method is employed to better model the changing geometry. 10, 11 This provides the benefit of using the same Cartesian mesh at each time step of the simulation instead of having to generate a new mesh every time as the wall boundaries change. The cells that the walls pass through are 'cut' accordingly and are given proper boundary conditions to account for the local wall angle. Cell sections or corners that are cut too small are merged with bordering cells so the time step does not become unnecessarily small in fulfilling the CFL condition. Figure 1 displays examples of cut and merged cells. The actual boundaries of the simulation are set at the sheath edge instead of the actual wall boundary since several of the assumptions in the governing equations break down within the sheath. The properties of the sheath, which also affect the erosion, are described in earlier work. The model is run for a SPT-100 type thruster for which experimental erosion data exists. Table 1 lists the overall geometry and parameters used for the simulations. A prescribed axial profile of the radial magnetic field is used in addition to the other inputs. The computational mesh used for the results presented here is 96 cells by 122 cells. 4000 hours of thruster erosion time are simulated with 10 hour time steps between each update of the wall profiles. The wall clock time required to run this model on a desktop computer is on the order of tens of minutes. 
B. Erosion model
An empirical model is used to obtain the sputter yields from the ion current to the walls. Experiments have been conducted where xenon ion beams have been directed onto boron nitride samples. 12, 13 Dependency of the sputter yield on both angle and energy of incidence have been reported and are shown in Figs. 2 and 3. Garnier et al. do not give specific values for error bars, but report the values are accurate within 20%, which is what is shown in the figures. The energy dependent fit to the data from Britton et al. is applied to the data points at 300 and 600 V. For the angular dependence, the data from Garnier are normalized to the values obtained with the ion beam at normal incidence, while the data from Britton are normalized at the values taken at 15 degrees from the wall normal. Even taking all of this into account, it can be seen that there is a non-trivial amount of uncertainty in the sputter yield data. The sputter yields measured by Britton are higher overall compared to Garnier but the angular dependence is less pronounced. At low energies, below 300 eV, no experimental sputter yield data exists. This is especially unfortunate as most ions in the SPT-100 will have energies in this range since the total discharge voltage of the thruster is 300 V. The threshold energy required for sputtering is also unknown. Thus, for the present modeling efforts, a threshold energy is assumed and the data is extrapolated from measured values. Three curve fits are presented in Figs. 2 and 3. Two are logarithmic fits applied to the Garnier and Britton data with a 60 eV threshold value applied. The third, provided by Gamero-Castaño et al. 3 for the BNSiO 2 sputter data also given by Garnier, is shown in comparison as well. They use a modified form of Yamamura and Tawara's 14 empirical formula for sputtering of monatomic solids. Each of the three fits are used to observe the magnitude of the effect of the sputter model on the overall erosion of the thruster walls.
In previous work, for the calculation of the erosion rate, monoenergetic ion streams were used at each location along the walls. In actuality, however, it can be expected that there is a distribution of incident angles and energies. A Maxwellian distribution based on the ion temperature is used for the axial and radial components of the ion velocities. This creates a distribution of incident angles and impact energies that are taken into account in the sputter yield calculations. A Maxwellian distribution for the ions is not unreasonable as the neutral atoms from which they are created are likely to be close to a Maxwellian distribution. Due to the low collision rate between the ions and electrons, the velocity distributions as well as the ion temperature are not expected to change significantly within the channel.
Another contributor to erosion is from ions scattered from the main flow to the walls by elastic collisions with the neutral atoms. 15 The ions that are deflected to the walls may not have impacted the walls otherwise, and thus this adds to the overall erosion. The collision rate is calculated from a cross section measured for collisions between singly charged xenon ions and neutral xenon atoms. 16 Isotropic scattering is then assumed to determine the post-collision parameters and the subsequent sputtering. Only the ions near the walls are considered for collisions as they are the most likely to impact the walls after being scattered.
III. Results
Results for the base configuration are shown in Figs. 4-9 . Overall, the results are satisfactory compared to the experimental data, 17, 18 though there is clearly room for further improvement. Figures 4 and 5 show contour plots of the plasma density at the beginning-of-life and after 1000 hours respectively. The erosion after 1000 hours is significant in comparison to the channel width and can be seen to affect the plasma contours in the thruster. Figure 6 shows the total volumetric erosion rate versus time. The erosion is no longer zero after 1000 hours, but is lower than expected at later times. However, the erosion at the exit plane, shown in Fig. 7 , matches very well with experimental data. It is the upstream erosion that is not being captured correctly, and this is evident in Figs. 8 and 9 , especially at later times. Overall, the extent of the curvature of the erosion profiles is not reproduced well by the model. 
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Inner wall Figure 7 . The wall thickness at the exit plane. Figure 8 . The inner wall erosion profiles at 160, 310, 600, 800, 1000, 2400, 3300, and 4000 hours. 
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Experiment (Absalamov) Model Figure 9 . The outer wall erosion profiles at 160, 310, 600, 800, 1000, 2400, 3300, and 4000 hours.
The effects of changing the ion velocity distribution are shown in Fig. 10 . The initial radial erosion rates along the outer wall are shown. An ion temperature equal to the assumed neutral temperature of 1000K, or around 0.1 eV, is used in the base configuration. Cold ions as well as a 1 eV ion temperature case are used for comparison. In general, a higher ion temperature leads to greater erosion. Overall, the effects are not large. An ion temperature of 1 eV increases the radial erosion rate by about 3% over the 0.1 eV case. The upstream location where erosion begins is the most affected region. The start of erosion is pushed a millimeter downstream with cold ions and several millimeters upstream with a 1 eV temperature. The inclusion of the velocity distributions smooths the erosion profile in general. This is due to the presence of ions that now have enough energy to surpass the threshold required for sputtering.
The addition of ions diverted to the walls from elastic collisions also increases erosion as reported elsewhere, 2 but for this case amounts to less than a 1% increase. This low amount is contributed in part from the fact that only the ions closest to the walls are considered for scattering. This would lead to a very small number of ions being scattered to the walls as the ion density in the near wall region tends to be the lowest within the thruster. Figure 11 displays the effect of changing the threshold energy for sputtering. The threshold energy is increased and decreased by ten electron volts from the 60 eV threshold used earlier in the fit to the Garnier sputter yield data. Again, the initial radial erosion rates along the outer wall are shown. Essentially, the erosion rate curves are shifted by about 35% either way. The shape of the erosion rate profiles are not affected much. Changing the sputter yield model has a significant effect on the erosion rates as seen in Fig. 12 . Using Britton's sputter yield data gives an erosion rate at the exit plane that is three times greater than that calculated using Garnier's sputter yields. Gamero-Castaño's fit for BNSiO 2 is also shown in comparison. Even though BNSiO 2 has higher overall sputter yields than BN, here the erosion rates at the exit plane are a quarter of those from the logarithmic fit. These differences in the magnitude of erosion rates are due to the shape of the curve fits near the threshold energy seen in Fig. 2 . The logarithmic fits have a much steeper slope near the threshold energy and have concave down shape, whereas the modified Yamamura profile has a lower slope near the threshold energy and is concave up. The shape of the sputter yield curve fits may also influence the shape of the erosion profiles. Figure 13 displays the erosion along the outer wall after 160 hours for the different curve fits. The results have been normalized to the value at the exit plane given by the results of the model using the logarithmic fit on Garnier's data for easier comparison. Here, the different curvatures of the erosion profiles are more pronounced and correlate to the shape of the sputter yield curve fits near the threshold energy.
Finally, the effect of the potential drop within the thruster on the erosion is investigated. The potential is calculated from the electric field, which in turn is dependent on the electron mobility. As mentioned before, anomalous Bohm diffusion is included in the model. For the results presented above, the coefficient for the Bohm diffusion is set to 1/35. As a parametric study, 1/16, the classical value, and 1/44, a value we have used before, 8 are also used. As expected, if the Bohm diffusion is decreased, the potential drop within the Figure 12 . The initial radial erosion rates along the outer wall with different sputter yield models. thruster, from the anode to the exit plane, increases and vice versa as seen in Fig. 14. Figure 15 shows the resulting erosion profiles. The erosion increases as the potential drop increases due to the higher energy ions. For the lower Bohm coefficient, the potential drop within the thruster is increased by 15%, but the erosion increases by 39% at the exit plane. With a higher Bohm coefficient, the potential drop decreases by 40% and the erosion decreases by 74% at the exit plane. Another result related to the potential drop is its change over time. Figure 16 shows that the potential drop from the anode to the exit plane decreases as the walls erode away. This in turn leads to a corresponding decrease in thrust as well, seen in Fig. 17 . The calculated thrust is lower than the experimentally measured values around 80 mN, but this is to be expected as the thrust is calculated at the exit plane in the model. Continued acceleration of the ions occurs beyond the exit plane due to the remaining potential drop located outside the channel. The drop in thrust of about 5 mN from the beginning-of-life has been noted before, though it is limited to the first 1000 hours and rises a couple of mN after that before stabilizing. well. The erosion around 5 mm upstream of the exit plane tended to be underpredicted, however, and the shape of the erosion profiles was not accurately captured. The overall erosion rate was lower than expected at later times. Various factors that may play a role in the erosion process were investigated. The addition of erosion caused by ions scattered from the main flow to the walls did not significantly increase the erosion rate. It is underpredicted somewhat since only the ions closest to the walls are considered for such scattering collisions. The inclusion of velocity distributions resulting from an ion temperature also increased erosion, though it was not a drastic increase. It primarily affects the upstream portion of the erosion, since it smooths out the location where erosion begins. Changing the threshold energy shifted the erosion rate profiles. It did not change the overall shape of the profiles, however. Changing the sputter yield function near the threshold value did have a significant effect on the erosion. In particular, the slope and the curvature of the sputter yield fits affect not only the magnitude of the erosion rates, but possibly the erosion profiles as well. The results of the different threshold energies and curve fits seem to suggest that for erosion modeling efforts it is important to understand the sputtering near the threshold energy.
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IV. Conclusion
Finally, the erosion was a function of the potential drop within the thruster as expected. As the potential drop increased, the ion energy increased and therefore the erosion as well. The potential drop within the thruster was noted to decrease over time as the walls erode away. The change in geometry of the channel affects the plasma and thruster properties. This decrease in the potential drop led to a decrease in the thrust, which has been observed experimentally near the beginning-of-life. It also plays a role in the decrease in the erosion rate over time.
Future work on Hall thruster erosion studies will need to examine in greater detail the sputter yield model as there is much uncertainty in the low energy regions, which unfortunately is where most of the ions involved in erosion lie. Continued improvement of Hall thruster physics models will also increase fidelity of the erosion models. Although the sheath was not examined in great detail here, it certainly plays an important role in the erosion process. Continued comparisons against more experimental data, including other thrusters, will further development of erosion studies as well.
